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Abstract

We analyze the implications of dynastic altruism in an overlapping generations model
with consumption externalities and where parents are able to influence their children’s
preferences for social status through their saving behavior. In our model, the level of the
altruism factor for which individuals leave bequests to their descendants can be both larger
or smaller than in an economy without endogenous status effects. The optimal allocation
is characterized by a steady-state capital stock larger than the one corresponding to
the modified golden rule. Even when the bequest motive is operative, the intertemporal
allocation is suboptimal and the optimal policy consists of time-varying estate and capital
income taxes. When the bequest motive is inoperative, a time-varying tax on capital

income is combined with a pay-as-you-go social security system.

JEL classification codes: D11, E21, E62.
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1 Introduction

In this paper we aim at analyzing the implications of dynastic altruism in an overlapping
generations model (OLG) with consumption externalities and where parents are able to
influence their children’s preferences for social status through their saving behavior. In
our model, agents compare their consumption levels to an external benchmark and the
intensity of the comparison is endogenous and depends on the savings of the previous
period. In this way, individuals at the time of birth inherit preferences for social position
from their parents, and throughout their lifetime these preferences change as a result of
their savings decisions and wealth positions. We assume in addition that the external
benchmark is composed of a weighted average of the consumption of all the agents living
at the same period.

The original result stated by Barro (1974), according to which the Ricardian
Equivalence Principle (i.e., the neutrality of public debt) is fulfilled in an OLG model with
dynastic altruism, has been widely revisited in the subsequent literature. In particular,
Weil (1987) showed that the degree of altruism is not large enough to generate positive
bequests in a dynamically-inefficient economy. Some studies have however shown that
this conclusion may be affected by economic phenomena like externalities in human
capital accumulation (Caballé, 1995) or the incidence of fiscal policy (Caballé, 1998).
Moreover, the result might also be affected by the presence of consumption references
in utility. This line of research has been followed by de la Croix and Michel (2001) who
introduce consumption aspirations into the model, Alonso-Carrera et al. (2007) who focus
on both aspirations and habit formation or Alonso-Carrera et al. (2008) who introduce
consumption externalities in a way similar to Abel (2005). Our approach is similar to the
latter except that we take into account an additional mechanism through which parents
can resort in order to affect the future behavior of their children. Beyond leaving bequests
to their descendants, parents are able to choose indirectly the intensity with which children
compare their consumption to the average one in society.

Our approach is motivated by two main empirical observations. First, the hypothesis
that the intensity of the comparison effect is declining in wealth accumulation is supported
by a number of empirical studies. Using a European survey, Clark and Senik (2010) show
that comparisons are mostly in the upward direction implying that there is much more
scope for comparison among the poor. Moreover, the latter tends to care more about
status with respect to relative consumption. Heffetz (2011) estimates income elasticities
for goods associated to status and finds a negative relationship between the degree of
concern for status and income. These empirical observations have been recently formalized
by Dioikitopoulos et al. (2019) who introduce endogenous status effects in an infinite
horizon model and study the implications of the latter concerning the dynamics of the

saving rate and income inequality. In this paper, we wish to focus on the intergenerational



transmission of endogenous status effects in an OLG model and its interaction with
dynastic altruism.

The second empirical evidence motivating our approach is related to the capacity of
parents to affect their children’s preferences. In particular, the fact that parents can shape
the preferences of their children through their saving decisions is documented empirically.
Knowles and Postlewaite (2005) document that parental saving behavior is an important
determinant of children’s education and saving choices after controlling for a variety of
individual characteristics. Charles and Hurst (2003) find a similar result when studying
the correlation of wealth between parents and children. Moreover, the correlation is
stronger between mothers and children, who are in general more involved in children’s
education. The influence of parents on children’s preferences has been formalized in
several contributions. Doepke and Zilibotti (2008) introduce such a feature in order to
explain the British Industrial Revolution. In their model, middle-class parents are able
to invest in their children’s preferences concerning patience and taste for hard work. A
similar approach is used by Doepke and Zilibotti (2017) in order to explain differences
in parenting styles and the decrease of authoritarian parenting in industrialized and less
unequal countries.

In our model, the presence of endogenous status effects, such as defined above, implies
that individuals have an additional incentive to save in order to reduce the intensity of
future aspirations. This in turn affects the level of the altruism factor for which individuals
decide to leave bequests. When savings are large, parents have less incentives to leave
bequests since they reduce the impact of conspicuous consumption by reducing the need
for status of their children. On the contrary, when savings are low, parents have an
additional incentive to leave bequests in order to compensate for not decreasing the need
for status through capital accumulation.

Given the additional benefit from saving in our model, the socially optimal allocation
is characterized by a steady-state capital stock larger than the one corresponding to the
modified golden rule. Even when the bequest motive is operative, the intertemporal
allocation is suboptimal since endogenous status effects imply that the intratemporal
allocation between generations has intertemporal consequences that are not internalized
by the individuals.

The optimal fiscal policy, designed to restore the equilibrium efficiency, also depends
on the operativeness of the bequest motive. When the bequest motive is operative, the
optimal policy consists of taxing bequest and capital income at time-varying rates. When
the bequest motive is inoperative, the optimal policy consists of a capital income tax with
time-varying rate and a pay-as-you-go social security system. The tax on capital income
is the same as in the case where the bequest motive is operative, whereas the lump-sum
transfers between generations living at the same period correct the suboptimality due to

the lack of bequests.



The rest of the paper is organized as follows. The model is presented in Section
2, whereas Section 3 characterizes the competitive equilibrium. Section 4 derives the
conditions for the bequest motive to be operative. The socially optimal solution is
provided in Section 5. Section 6 analyzes the optimality of the competitive equilibrium,
and Section 7 derives the optimal taxation that decentralizes the socially optimal
allocation. Section 8 concludes the paper. Finally, the appendix includes all the proofs

and the more technical analysis.

2 The model

We extend the model with consumption externalities proposed by Alonso-Carrera et al.
(2008) to consider that the intensity of the externalities are endogenously determined
by the stock of capital as was proposed by Dioikitopoulos et al. (2019). In particular,
we consider an OLG model where individuals live for two periods. Each generation is
composed of a continuum of individuals distributed on the interval [0, 1]. Each individual
has a child at the end of the first period. As in Diamond (1965), individuals work in the
first period of life and are retired in the second. We index each generation by the period
in which its members work.

We assume that individuals are altruistic towards their children to whom they may
leave bequests. Let us denote by b; the amount of bequest that an old individual leaves to
its child in period ¢. As usual, we impose the constraint that bequests cannot be negative,

ie.,
b > 0. (1)

Each young individual supplies inelastically one unit of labor and receives in exchange
the wage w;. He then distributes his labor income and his inheritance between

consumption and saving. His budget constraint in young age is thus given by:
wy + b = ¢ + s, (2)

where ¢; is young age consumption and s; the amount of savings. In old age, the agents
receives the interest of their savings and distribute the latter between consumption and

bequest for their children. The budget constraint in old age is given by:
Ri18 = diy1 + by, (3)

where R, is the gross rate of return on savings and d;; is old age consumption.



The utility function of an individual born at period ¢ is given by
‘/t = U(ét7 dt+1) + ﬁ‘/t-i-h (4)

where V;;; represents the indirect utility of his descendant, § € [0,1) is the altruism
factor, and ¢; and thH represent the effective consumption levels in the first and second
period of life respectively. We assume that individuals derive utility from comparing
their consumption level to some given consumption reference. We assume the following

functional forms for effective consumptions:
& =y —Y(s1-1)v¢, (5)

and

Czt+1 = dyy1 — ’Y(St)vfﬂa (6)

where (s) € [0,1) provides a measure of the intensity of the consumption reference.
Contrary to Alonso-Carrera et al. (2008), the intensity of the reference is endogenous and
depends on savings. We are assuming intergenerational transmission of preferences for
status.! Hence, an individual born at period ¢ inherits the intensity ~ from his parent,
which then depends on savings s;_; choose by the latter. He uses this intensity in assessing
the utility from consumption when young. However, the intensity of the concern for
status when old will depend on his own savings s;. Following Dioikitopoulos et al. (2019),
we assume that (a) 7'(s) < 0 and 7”(s) > 0 for all s, (b) lims07'(s) = 70, and (c)
limg 00 7 (8) = Yoo, With Yo > Yeo.

The consumption references are assumed to be weighted arithmetic averages of the
consumption of the two living generations. The reference in young age is given by:

Cc; + eydt

P= 2 M

T T T

where 0¥ € [0,1) is the weight of the consumption of the representative old agent in the

consumption reference of the young agent. The reference in old age is given by:

~ 0%ciyr + dia

VP = i1 (8)

where 6° € [0,1) is the weight of the consumption of the representative young agent in
the consumption reference of the old agent. It should be noted that our assumption on 6Y

and #° implies that we are giving a larger weight to the consumption of agents belonging

'Doepke and Zilibotti (2008, 2017) rationalize and provide evidence of intergenerational transmission
of preferences.



to the same generation. Expressions (7) and (8) can be rewritten as follows:
U;ZJ = Eth + (]. - Cy)dt, (9)
and

vy = €+ (1 —€)dis, (10)

1 0°
1+0v 14-0°°

Following Abel (1986) and Laitner (1988), we assume that the utility function U(.,.)

is additively separable in both arguments. Hence, we consider

where €¥ = and €° =

U(ér, drr) = w(ér) + pu(digs), (11)

where p > 0 is the temporal discount factor. Furthermore, we also assume that u(.) is
twice continuously differentiable with «'(z) > 0, u”(z) < 0 for z > 0, and the Inada
conditions lim,_,ou/(2) = oo and lim, ., u/(2) = 0 hold.

In period 0, there is an initial old generation born in period —1. The individuals of

generation —1 have the following utility function in old age:
puldo) + BVp. (12)

There is a single commodity Y; in this economy which can be used either for
consumption or investment. This commodity is produced by means of a neoclassical
production function F'(Ky, L;) where K; is the capital stock and L; the amount of labor
used in period t. We suppose that capital is fully depreciated after one period.? The
production function in intensive form is given by f(k;) and we assume f’(k) > 0, f”(k) <0

for all k£ as well as the Inada conditions limy_,o f'(k) = oo and limy_, f'(k) = 0.

3 Competitive equilibrium

Given the initial stock of capital Ky, a competitive equilibrium in this economy consists
of a path of prices {R;, w;} and a path of quantities { Ky, ¢, dy, s, b;} that are consistent
with consumer and firm optimization and with the market clearing conditions: (i) L; = 1,

(ii) the capital stock installed in period ¢ 4 1 is equal to the saving of period ¢, i.e.,

kt+1 = S¢, (13)

2We can consider that one period of the model consists on about 30 years for the empirical evaluation.
Hence, full depreciation of the capital stock seems a realistic assumption.



and (iii) the aggregate resource constraint given by
f(k?t) = + dt + kt+1' (14)

The problem faced by each individual belonging to generation ¢ is to maximize (4)
with respect to {ct, dpi1, b1} subject to (1), (2), (3), (5) and (6). This is equivalent to

solving the following dynamic programming problem:

u(wy + by — s¢ — Y(s¢-1)v7)
Vt(bmst—l) = mbax . (15)
St,0t41
Fpu(Rip18 — bepr — Y(80)v0 1) + BVig1(begr, 5¢)

with by > 0, for v/, v, w, and Ry 1 given for all ¢. It should be noted that the
introduction of endogenous status effects implies that the value function V;(b, s;_1)
depends not only on b, but also on s, ;, which is not the case when the intensity
of aspirations is exogenous. Additionally, to characterize the equilibria, we must also
consider the problem faced by the individual belonging to generation —1 in period 0,

which is equivalent to
n})ax{pu(Rokg — bo — ’Y(k’o)US) + B%(bo, ko)}, (16)
0

with by > 0, for v§ and Ry given.
By using the envelope theorem, we obtain that the first-order conditions for problem

(15) with respect to s; is given by

W (ce = v(si-1)vf) + By (s))vipy ' (e — Y(s0)via)
(Rer1 — 7 (80)vfn) pu/ (der — y(8)084q)

— 1, (17)
whereas the first-order condition for both problems (15) and (16) with respect to b; is

pu'(dy — y(se-1)v7) = Bu'(cp — v(s0-1)vf), (18)

where the latter condition holds with equality if b; > 0. Expression (17) characterizes
the optimal allocation of consumption along the lifetime of an individual. It should be
noted that the introduction of endogenous status effects increases the marginal cost of
consuming in young age since additional savings decrease the intensity of the comparison
effect both in old age and for the direct descendant in young age. More precisely, the
marginal return to savings in our model exceeds the rate of return R,,;. In particular,

the effective return on savings is given by

Rir — 7' (s0)vp 1 (degn) — B (80)vi 4w (copn),



which is larger than the market return Ry, because 7/(s;) < 0. The last two terms
come from the utility gain that savings generates by reducing the status concern. The
second term is the gain obtained by the own individuals in old age, whereas the third term
is the utility gain derived from the reduction in the status concern of the descendants.
Therefore, the fact that the intensity of status concern is endogenous stimulates savings
but not necessarily the willingness to leave bequest as we will show below.

The latter implies that the intertemporal allocation depends on the altruism factor
f even when b, = 0 in contrast to the model of Alonso-Carrera et al. (2008). In other
words, in our economy individuals have two instruments to condition the welfare of their
descendants: (i) the intergenerational transmission of wealth, i.e., physical bequests b; and
(ii) the intergenerational transmission of preferences, i.e., their decision on savings will
determine their children’s concern for status. Hence, even when individuals do not leave
bequest, their decision on savings still depends on the altruism factor because, as was
mentioned, this determines the preferences of their descendants. If the bequest motive
is operative, expression (18) characterizes the optimal allocation of consumption between
two consecutive generations. When the bequest motive is operative, the marginal cost of
leaving a larger amount of bequest must be equal to the discounted marginal utility of
consumption of the direct descendant.

After having presented the equilibrium conditions on the demand side of the economy,
we will move to the supply side and we characterize the optimal plan of the firms. Since

firms behave competitively, rental prices equal marginal productivities, i.e., we get that
Ry = ['(k:) = R(ky), (19)
and
we = f(ke) = f'(k)ke = w(ke). (20)

The competitive equilibrium of this economy is a path {ki;1, ¢, di1, b }72, that, given
an initial value of ko, solves the system of equations composed of (17) and (18), together

with (1), (2), (3), (9), (10), (19), (20), (13) and the transversality condition

lim ﬁtul(ét)bt =0. (21)
t—o0
The transversality condition states that the present value of the long-run amount of
bequests is equal to zero.
We will focus on steady-state equilibria, that is competitive equilibria where the

variables ky, ¢, d; and b; are constant. At the steady-state, expression (17) becomes

A

h(k,b) = v'(€)(1 + B (k)v*) — pu'(d)(R — +(k)v°) =0, (22)



where we know from (2), (3), (19), (20) and (13) that

¢ =1 —y(k)e")(w(k) +b—k) —y(k)(1 =) (f'(k)k —b),

d=[1=~(k) (1 = )](f' (k)k = b) = v(k)e(w(k) + b — k),

v =e'(wk)+b—Fk)+ (1 —e)(f(k)k—b),
and
00 =e’(w(k) +b—Fk)+ (1 —€)(f'(k)k —b).

The equation h(k,b) = 0 is only defined for values of k£ > 0 and b > 0 for which ¢ > 0
and d > 0. The use of Equation (22) depends on whether or not the bequest motive is
operative. On the one hand, this equation implicitly defines a relationship between the
stationary capital stock and the stationary value of bequests, k = K (b), when the bequest
motive is operative. On the other hand, Equation (22) provides the stationary value of
the capital stock when the bequest motive is not operative.

To go further with the analysis of the equilibrium properties, we should first
characterize the partial derivatives of the function h(k,b). More precisely, the sign of
these derivatives will be crucial in proving the existence and stability of the stationary
equilibria. We start by focusing on a change in the stationary amount of bequests. Hence,

we obtain from (22) that the derivative of h(k,b) with respect to b is given by

(W@ BY R - AR -] )

A

ho=1 4 (@By (k) (2" — 1) + pu'(d)y (k) (262 — 1) 3. (23)

A

[ o (@) (f (k) =~ (R)v?)[1 =~y (k) (1 = 2¢7)] )

Observe that hy is negative for all b > 0 if the intensity of consumption externalities is
constant, i.e., 7' (k) = 0. Otherwise, the sign of this derivative is ambiguous. By following
a continuity argument, we will assume from now on that ~/(k) is sufficiently small in
absolute terms such that h, < 0 holds for all b > 0. In any case, the next result states

sufficient conditions to obtain the later property.

Proposition 1. h, < 0 for all b > 0 when at least one of the following conditions holds:
(i) 0¥ = 0° =0, or (ii) 6Y < 6°.

The first condition in Proposition 1 implies that individuals do not consider the

9



consumption of the other generation living at the same period in forming their
consumption reference. Although the second condition admits this intergenerational
comparison in consumption, it imposes that old individuals care more for comparing
with the consumption of the contemporaneous young individuals than the other way
around. However, we will assume in general that h, < 0 without imposing any of these
sufficiency conditions. Otherwise, we would be disregarding some interesting scenarios for

the Pigouvian taxation as will be shown below.
Assumption A. hy, <0 for all b > 0.

We now focus on a change in the stationary level of the capital stock. Hence, we
obtain from (22) that the derivative of h(k,b) with respect to k is given by

[ W@+ By (k) 5 ’
+u/(0)B (v (k)v? + /' (k) ;)

—pu"(d)(f'(k) — ' (k)v°) 24

L o/ (d) (" (k) =" (R)o* =7/ (k) %5) )

As was proved by Alonso-Carrera et al. (2008, Lemma 3.2), this derivative hy is positive
in the case of a constant intensity of consumption externalities (i.e., if 74/(k) = 0) when

the following condition holds:

" (R)| < min{1/k, f'(k)/k}. (25)

This condition requires the stationary first period consumption ¢ and the stationary
second period consumption d to be decreasing and increasing, respectively, in the
stationary capital. However, the sign of h; is ambiguous when the intensity of the
consumption externality is endogenous. Following the same argument of continuity used
in characterizing the sign of h;, we will assume from now on that hy > 0 for all b > 0. In

any case, the next result states sufficient conditions to obtain the latter property.

Proposition 2. Consider that Condition (25) holds. If

f'(k) + f"(R)k
L+ f(k)k

< 0°, (26)

10



and

(1 —y(R)e) A + k[ (k) +v(B)(1 — ) (f'(k) + kf"(k))
e(w(k) — k) + (1 — ) f'(k)k ’

—'(k) <
then hy > 0 for all b > 0.

By following the proof in the appendix we provide the following economic
interpretation of the conditions in Proposition 2. Condition (26) requires the weight
of the consumption of the representative young in the reference of both generations to
be sufficiently large. This condition is equivalent to requiring that the references in both
periods of life v¥ and v° decrease in the stationary capital stock. Finally, condition
(27) requires the stationary effective consumption level in the first period of life ¢ to be
decreasing in the stationary capital stock. This condition defines an upper-bound on the

impact of the stationary capital stock on the intensity of the comparison effect.
Assumption B. Conditions (25), (26) and (27) hold.

Assumptions A and B allow to characterize the equilibrium relationship between the
stock of capital and the amount of bequests at the steady state. The next result establishes
that the stationary stock of capital is an increasing function of the stationary value of

bequests in this case.

Proposition 3. Consider that Assumptions A and B hold. Hence, K'(b) > 0.

Let k denote the stationary capital stock when there are no bequest. As was mentioned
above, this capital stock depends on the altruism factor 8 provided that v/(k) < 0, so we
can write k = k(). By applying the implicit function theorem to (22), and using the
features of function h(k,0) that we have stated above, the next result directly characterizes

this relationship.

Proposition 4. Consider that Assumption B holds. Hence, El(ﬁ) > 0 if v'(k) < 0,
whereas El(ﬁ) =0 if v (k) = 0.

Following Abel (1987), we are going to assume that the steady-state equilibrium value
of the capital stock k in an economy without bequests is unique and that h(k,0) < 0

whenever k < k.

11



Assumption C. There exists a unique strictly positive value of k satisfying h(k,0) = 0
with ¢ > 0 and d > 0.

We combine expressions (17), (18) when it is binding and (19), all of them evaluated at
the steady-state with no bequests, in order to obtain the threshold value of the altruism
factor 8 above which bequests are strictly positive. In particular, we obtain that this

threshold, which will be denoted by 3 is given by the solution of the following equation:

G(B) = B{LR(PB)] — Y [k(B)] [v°(B) +v¥(B)]} —1 =0, (28)

where we have made use of the fact that the equilibrium without bequest depends on the
altruism factor 8 and, therefore, k, v¥ and v° are functions of this parameter. Equation
(28) could have multiple solutions or no solution for 3.3 Let 3;, with i = {1,2,...,I}, be
the roots of Equation (28) with 3, < Bj if i < j. We define the following set of values for

B:
B ={3| B € (B;,Bi:1), where i is an odd integer}.

The following result characterizes the operativeness of the bequest motive.

Proposition 5. Consider that Assumptions B and C hold. Hence, b > 0 if and only if
pgeB.

Expression (28) for the threshold value 3 is clearly different from the one obtained
in the case of Weil (1987) or Alonso-Carrera et al. (2008), where the threshold satisfies
B = 1/f'(k). There is an additional term due to the fact that the intensity of the
comparison effect is endogenous. Moreover, the threshold value now directly depends on
the consumption references in both periods of life. Therefore, in stark contrast with Weil
(1987), the dynamic inefficiency of the economy without altruism may not be sufficient
to prevent the bequest motive from being operative when the individuals are altruistic.
Since k is increasing in 3, then f[k(0)] > f'[k(B)] for all 8 > 0. Hence, if the economy
without altruistic motive is dynamically inefficient, i.e., f/[k(0)] < 1, then it holds that
f'[k(B)] < 1 for all 3 > 0. However, we observe from (28) that this property is not
sufficient to obtain § > 1 in our economy with altruistic motive and where the intensity
of status concern depends on saving decisions. This means that positive bequest could
appear even if the economy without altruistic motive is dynamically inefficient. We will

come back to this discussion in the next section. Before that, we will characterize the

3In next section, we provide the solution of (28) for some numerical examples. In all of them, we
obtain that this equation only has one root.

12



stationary equilibrium depending on whether or not the bequest motive is operative (i.e.,
whether or not 8 € B).

Proposition 6. Consider that Assumptions A, B and C hold. Hence:

(a)

(b)

If 8 ¢ B, then the unique steady-state equilibrium satisfies the following equations:

b=0,

h(k,0) =0,

c= f(k)—kf'(k) -k,
d= f'(k)k,

where k, b, ¢ and d are the steady-state values of capital, bequests and consumption

in young and old age, respectively.

If B € B, then the steady-state is unique, exhibits a strictly positive amount of bequests

and satisfies the following equations:

d* — f/(k*)k* _ b*,

where k*, b*, ¢* and d* are the steady-state values of capital, bequests and consumption

i young and old age, respectively.

(c) Moreover, k* > k.

It should be noticed that the stationary capital stock is always larger when the bequest

motive is operative, i.e. k* > k.

Proposition 7. Consider that Assumptions A, B and C hold. Hence:

(a) The steady-state with inoperative bequest motive is locally saddle path stable for values

of v(k) and ~'(k) sufficiently close to zero.

(b) The steady state equilibrium with operative bequest motive is locally saddle path stable

for values of v'(k) sufficiently close to zero.

13



We cannot fully characterize the local stability of the steady state. However,
Proposition 7 still provides sufficient conditions for the steady-state equilibrium to be
locally saddle-path stable. Furthermore, these conditions seem quite realistic. On the one
hand, when the bequest motive is operative, the steady state is locally saddle-path stable
when the concern for social status has a small sensitivity with respect to savings. As is
shown in the proof of Proposition 7, this condition ensures that savings are an increasing
function with respect to first-period endowments, i.e., labor income, which positively
depends on the capital stock. On the other hand, the local saddle-path stability of the
steady state with zero bequests is obtained under Condition (25), which means that
second period consumption is increasing in capital, and that the intensity of consumption
externalities is small and has a small sensitivity with respect to savings. Therefore, with
respect to the model with constant intensity of the concern for social status (see Alonso-
Carrera et al., 2008), we are imposing an additional sufficient condition: the response of

the quest for social status to changes in savings should not be too large.

4 Operativeness of bequest motive

At this point we will analyze the conditions that lead the bequest motive to be operative,
i.e., conditions under which g € B. We are specially interested in determining how the
fact of having an endogenous intensity of the concern for status affects the operativeness
of the bequest motive. In particular, we will check whether or not dynastic altruism is able
to generate positive bequests when our benchmark economy is dynamically inefficient. As
is well known, this is not the case in an economy where individuals either do not have
status concern or if its degree is exogenous (see Weil, 1987; Alonso-Carrera et al., 2008).

Unfortunately we cannot state theoretically the features of the set B of the altruism
factor 8 for which bequest motive is operative: (i) how this set of values is affected by the
fact that status concern is endogenous; or (ii) whether or not bequest motive is operative
when the economy without altruism is dynamically inefficient, as was stated by Weil
(1987). However, we will numerically simulate our economy to compute the critical value
B and to derive its properties. In particular, we parametrize the economy as follows. We
consider a logarithmic utility function u(z;) = Inxz;, a Cobb-Douglas production function,
f (k) = Aky, and the following functional form for the intensity of status concern proposed
by Dioikitopoulos et al. (2019):

Y(kt) = Yoo + (Y0 — Vo) €XP(—skr), (29)

where 75 > 0 captures the sensitivity of v(k;) with respect to changes in k;; vo > 0 would
be the value of ~(k;) for all k; when v, = 0; and v, € [0,70] is the asymptotic value of
~(k¢) and, moreover, it would be the value of v(k;) for all k, when 7y = 7. Finally, these

14



parameters v and 7., delimit the image set of the function v(k;) as [vYoo, Y0)

Before proceeding with the simulation, we next discuss how the operativeness of
bequest motive reacts to the marginal introduction of the dependence of the status concern
on saving decisions, i.e., to a marginal change of ~, from zero. We show in Appendix F
that this change in ~, increases the range of values of the altruism factor g for which
bequest motive is operative if the parameters vy and 7., are both sufficiently small. This
condition seems empirically plausible because it requires the status concern to slightly
depend on savings and, moreover, this status concern should be sufficiently small for any
value of savings or capital.

For the parametrization of our economy, we have shown that the marginal introduction
of the dependence of the status concern on saving decisions may increase the range of
values of the altruism factor in which the bequest motive is operative. We next proceed
with the numerical simulation to see that this result may arise even with no marginal
changes of the sensitivity of status concern with respect to the capital stock. After that,
we will come back to the economic interpretation of this result.

Coming back to the numerical simulation, we set the benchmark values of the
parameters as follows. First, we consider that each period in the model corresponds to 35
years. Second, we fix all the parameters, except for those driving the status concern, by
following the standard procedure (see, e.g., de la Croix and Michel, 2002). We normalize
the technological scale A to unity. We also assume that the share of capital income out of
aggregate income is a = 1/3. Finally, we set p = 0.1765, so that the saving rate amounts
to 15%, which is in line with the evidence provided by NIPA for the US economy during
the last half century.®

In the absence of precise data on the formation of preferences for status concern, we
set the values of the parameters driving this process in our economy as follows. First, we
assume that the consumption references v¥ and v° are symmetric in the sense that Y = §°
and, moreover, we set their values to 0.8. Second, we consider the following values for the
parameters in the function of the status concern: v, = 1.25, vy = 0.45 and 7., = 0.25.

We simulate the benchmark economy and we compare the results with two
counterfactual economies: an economy with exogenous intensity of status concern, i.e.,
with vs = 0 and, so, 7/(k) = 0 for all k; and an economy with o = 1/4.5, which leads the
economy to be dynamically inefficient. Table 1 shows the results from these numerical
simulations. In particular, the table provides the simulated threshold § of the altruism
factor determining the operativeness of bequest motive, the stationary capital stock and

the long-run and the short-run rates of return on capital.® For all the simulations,

4Note that the propensity to save out of labor income is equal to p/(1+4p) under logarithmic preferences.

5We denote by long-run rate of return the value of this rate in each period of the model (35 years),
i.e., Rpp = R = f'(k). On the contrary, the short-run rate of return would be the corresponding annual
rate, i.e., Rgp = (RLP)1/35 — 14 6, where § is the annual depreciation rate of the capital stock that we
set to 0.1.
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Equation (28) has a unique root, so that there exists a unique threshold 3. Furthermore,
we derive the following conclusions from the results in Table 1. First, when the economy
is dynamically efficient (i.e., « = 1/3 and, so f’(k) > 1), the value of 3 is smaller than
unity and very similar in the benchmark economy and in the counterfactual economy with
vs = 0 and, so, 7/(k) = 0. On the contrary, when the economy is dynamically inefficient
(ie., a = 1/4.5 and, so f'(k) < 1), we observe that 3 < 1 in our benchmark economy,

whereas 3 > 1 in the counterfactual economy with v, = 0 and, so, 7/(k) = 0.
[Insert Table 1]

Contrary to the model without status effects, i.e., with v = 0 (see Weil, 1987), and to the
model with exogenous concern for status, i.e., with 7/(k) = 0 (see Alonso-Carrera et al.,
2008), we conclude from our numerical analysis that in our economy with ~/(k) # 0,
the bequest motive can be operative (i.e., 3 < 1) even if the economy without bequest
is dynamically inefficient, i.e., when f/(k) < 1. In general, we can then state that the
endogeneity of the concern for social status has an ambiguous effect on the operativeness
of the bequest motive. For the same values of the structural parameters, the range of
values for the altruism factor § under which the bequest motive is operative (i.e., b > 0)
in the benchmark economy (i.e., when +/(k) > 0) can be either larger or smaller that the
range for which this happens in the economy with exogenous concern for social status
(i.e. with 7/(k) = 0). In any case, it is also important to focus on how endogenous status
effects affect the threshold value. When ~/(k) is large in absolute value, the range of the
altruism factor 8 for which bequest motive is operative increases. It is then more probable
that individuals leave bequests to their descendants.

The economic intuition of the result in this section directly follows from the fact that
the intensity v of the quest for social status is a decreasing and convex function of savings
(and, so, of the capital stock). This reinforces the negative correlation between savings
and bequest left to the descendants. The smaller the amount of income that individuals
allocate to savings s;, the larger is the intensity ~y(s;) of the search for social position
that they transmit to their children. Hence, those individuals are willing to leave a larger
amount of bequest to their children to compensate them for the larger inherited concern
for social status. When savings increase, the intensity of the search for social status
rapidly decreases, and so the willingness to leave bequests to the descendants.

In the next sections, we will analyze the optimality of the equilibrium path and we
will also characterize the Pigouvian taxation when this path is socially suboptimal. To
this end, we will abandon the functional form (29) considered in this section for the status
concern (k) and we will use back the general specification with the properties enumerated

in Section 2.
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5 Socially optimal solution

We assume that the social planner maximizes the discounted sum of utilities and the
intergenerational discount factor coincides with the private altruistic factor 5. The social
planner then chooses the allocations {c¢;,d;, k;11} to maximize the following objective

function:

(B pul(1 = v(ko)(1 = €°))do — (ko)eco]

Uy = + 200 Blul(X = y(ke)e¥)ee — v(ke) (1 — €¥)dy)] ;

L oo Bpu((1 = (ki) (1 = €9)diga — Y(kia)ecein)]

subject to the aggregate resource constraint (14), and with kg given.
By the standard procedure, we find the first-order conditions of the previous problem
in Appendix G, and then rearrange the expressions to obtain that the necessary conditions

for the socially optimal solution are summarized by the following two conditions:

>

pu(d) _ 1= (k)2 — 1)
pu'(é) 1 —y(ke)(1— 2¢°)

L. (30)

and

P (Cern)[1 — (hea) (€ + L1 €)] ' (Keer) — ' (C0)[1 — (ki) (¥ + Lie)]

= =1. 31
Y (k1) B! (Copn) (Vg + Lip1vfy ) (31)

The socially optimal solution is then a path {kiy1, ¢, di}22, that, for a given initial
value ko, solves the system of differential equations (14), (30), (31) together with the

transversality condition
T [(1 =y (ke)e”) B/ (¢) — Y(ke)e B pud (dy) | ea = 0. (32)

The next result characterizes the existence and unicity of the steady-state solution of

the social planner’s problem.

Proposition 8. There is a unique steady-state solution to the social planner problem.

Moreover, this steady-state is given by

VR 4 T0%) = [1 = (k) + 1) (f’(k‘) - 1) |




and
f(k)y=c+d+k,

where k, ¢ and d are the steady-state values of capital, consumption in young and old age,

respectively.

It can be noticed that due to endogenous status effects, the planner’s economy exhibits

a steady-state capital stock larger than the one corresponding to the modified golden rule.

6 Optimality of the competitive equilibrium

In this economy there are two sources of suboptimality of the competitive equilibrium:
the consumption externalities and the possible inoperativeness of the bequest motive.
These sources interact in a non trivial way. In this section we disentangle the effects of
both of them by comparing separately the socially optimal solution with the competitive

equilibrium when the bequest motive is and is not operative.

6.1 Suboptimality when the bequest motive is operative

When the bequest motive is operative (i.e., when § € B such that b, > 0), the only
sources of deviation between the competitive and the socially optimal allocations are
the consumption externalities. As was pointed out by Abel (2005), the existence of
consumption externalities when there are agents with different ages living at the same
period implies that the intratemporal allocation between the two generations is in general
suboptimal. However, the presence of endogenous status effects also implies that the
socially optimal marginal rate of substitution between young and old consumption is time-
dependent as can be seen from expression (30). Therefore, contemporaneous consumption
externalities may not be only a source of intratemporal (but intergenerational) source of
inefficiency, but also a source of intertemporal (but intragenerational) inefficiency.

We first conclude from (18) that the intratemporal allocation of aggregate consumption
in the competitive economy (i.e., the allocation of consumption between the two living

generations at period t) is given by

:\
—~
S
&

™

(33)

By comparing expressions (30) and (33) we see that the marginal rates of substitution
between consumption for the young and the old does not coincide unless I; = 1. By using
the definitions of €Y and €°, we obtain that I; = 1 if and only if Y = 6°. Therefore,

the intratemporal equilibrium allocation between the two living generations is inefficient
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unless the two generations give the same weight to the consumption of the other generation
in forming their consumption reference. Obviously, this inefficiency results in a suboptimal
path of bequest. Observe also that this inefficiency does not depend on the fact that the
concern for status is endogenously determined by savings.

We now focus on the intertemporal allocation of consumption. By combining (17) and

(18), we obtain that the intertemporal allocation in the competitive equilibrium is given
by

Bu'(C1) [/ (kegr) — u'(6) = 7 (Kea) B (Copn) (v + 0F4)- (34)

By comparing expressions (31) and (34), we see that the equilibrum and the socially
optimal allocations do not coincide contrary to the case without endogenous status effects
studied by Alonso-Carrera et al. (2008). It should be noticed that both allocations
coincide if 7/(k;) = 0 for all k; and, therefore, we recover the result obtained by these
authors.® Observe that, contrary to what happens with the intragenerational allocation of
consumption, the intertemporal allocation of consumption in the competitive equilibrium
is also inefficient even in the case where §¥ = 6° provided that ' (k;) # 0.

Therefore, we conclude that in our economy with endogenous status effects the path
of capital is also suboptimal even when the bequest motive is operative. The competitive
equilibrium is suboptimal since endogenous status effects imply that the marginal rate
of substitution between consumption for the young and the old has intertemporal
consequences which are not internalized by the individuals. This derives from the fact
that the external effects of consumption are time-dependent because the intensity of status

concern changes with the capital stock.

6.2 Suboptimality when the bequest motive is not operative

When the bequest motive is not operative (i.e., when 8 ¢ B such that b, = 0), the
intertemporal allocation in the competitive equilibrium is given by (18), which can be

rewriten for the purpose of this subsection as

pu’(thH) [f,<kt+1) - ’Vl(ktﬂ)vfﬂ]
u'(¢) + B (k) (Cea1 )07y

~1. (35)

To facilitate the efficiency analysis, we combine (30) and (31), so that we obtain that the

socially optimal intertemporal allocation is given by the following condition:

pU'(Cth) {f/(kt-i-l) |:1—’Y(k‘t+ll)t(j?1/+[t+leo) _ ’Y/(kt+l)vf+1}

w'(é) [1 =~ (k)(e¥ + Lie?)] + By (Rey)u! (G1) vy

6Observe that I;1 = I; = I when ~/(k;) = 0 for all k;.

~ 1 (36)
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By comparing (35) and (36), we conclude that the intertemporal allocation along the
equilibrium path in general differs from the socially optimal allocation. In particular, the
two intertemporal allocations only coincide if the following two conditions simultaneously
hold: (i) the concern for status is exogenous, i.e., 7'(k;) = 0; and (ii) the two generations
give the same weight to the consumption of the other living generation in forming their
consumption reference, i.e., Y = #°, since in this case I; = 1. Therefore, as was already
stated by Alonso-Carrera et al. (2008), the path of the capital stock is suboptimal if the
bequest motive is inoperative even when the intensity of status concern is exogenous, i.e.,
v (ki) = 0, provided that 6¥ # 6°.

However, the endogeneity of the status concern reinforces this inefficiency of the capital
stock along the equilibrium path. If 4/(k;) = 0 the equilibrium inefficiency exclusively
arises because the term [;,; does not appear in the numerator of the equilibrium condition
(35) for the intertemporal allocation. On the contrary, when +/(k;) # 0 the discrepancy
between the equilibrium and the socially optimal allocation also arises because of the
absence of the terms 1 — vy(key1)(€¥ + I;11€°) and 1 — y(k;)(e¥ + [;€°) in the numerator
and denominator of (35), respectively. To be clearer, even when I; = 1 for all period ¢
(because, for instance, Y = 0°), the equilibrium exhibits a suboptimal path of capital if
7' (ki) # 0 because the two aforementioned terms do not cancel out in Condition (36).

The economic intuition for the previous conclusion is identical to the one given for
explaining the inefficiency of the intertemporal allocation in the equilibrium with strictly
positive bequest. In our economy the external effects of consumption are time-dependent

because the intensity of status concern changes with the capital stock.

7 Optimal taxes

In this section, we characterize the optimal tax rates needed to decentralize the socially
optimal allocation when endogenous status effects and consumption externalities interact
with altruism. We consider a fiscal policy that consists of an estate tax, a capital income
tax and a set of lump-sum taxes. Concerning the latter, we assume that young agents
pay a lump-sum tax 77 and the revenues are used to finance a lump-sum transfer to the

old —7¢. These tax rates are then related by the following budget constraint:

o

T =1 (37)

We also assume that young agents pay an estate tax on the inheritance that they receive
from their parents. The revenues from this tax are returned to the young agents by means

of a lump-sum subsidy. This second government budget constraint is given by

¢ = 1/bi, (38)
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where ¢! is the lump-sum subsidy to young individuals and 7° is the estate tax rate.
Finally, old agents pay a capital income tax on the returns from saving and the revenues
are returned to these agents under the form of a lump-sum subsidy. This third government

budget constraint is given by

o = 1isuf (ko). (39)

where ¢f is the lump-sum subsidy to the old individuals and 7/ is the capital income tax
rate.
An individual belonging to generation t faces the following dynamic programming

problem:

Vi(be, 5p-1) = max {u[c; — y(s:-1)v]] + pu [dt—f—l — V(St)vfﬂ} + BVig1 (g1, 5¢) 3

St,bt 41

with (1), and where
o =wy =7 + ¢ + (1= 7))y — 54, (40)
and

dipr = (1 — Tf+1)Rt+1St + 7 — b — T (41)

for vf, v?, w; and Ry, given for all ¢.
The problem faced by the individuals belonging to generation —1 in period 0 is the

following:
nizolx{pu [(1- T Roko + ¢ — by — 78 — v(ko)vg] + BVo(bo, ko) }, (42)

with by > 0, for ko, v§ and Ry given.
By following the standard procedure, we first find the first-order condition of the
previous two problems, and then rearrange the expressions to obtain that the necessary

conditions for the consumption plan at the equilibrium with fiscal policy are the following:
W (8 + B (ks )i v (6es1) = [(1 = 75 ) Rerr — 7 (k1) vfe ] ot (des), (43)

and
pu'(dy) > (1= 7)) (&), (44)

where the last condition holds with equality if b; > 0.

Given the initial capital stock kg, and the path of the tax rates {72, 7F, 7/, 7°}, the
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competitive equilibrium of this economy with taxes is a path {k,c;, dy, by, ¢, #?} that
solves the system of difference equations composed of (43) and (44) together with (19),
(20), (13), (37), (38), (39), (40), (41) and the transversality condition (21).

Let us denote the path of optimal tax rates as {7/, 72, 72, 7 }22,. The optimal tax rates
are such that they make the equilibrium path {k;, ¢;, d;} coincide with the socially optimal
path {ki, ¢;, d;} characterized by (14), (30) and (31). Obviously, the socially optimal path

of bequests is given by
by = f,<k3t)kt — dy, (45)

where k; and d; are the socially optimal capital stock and consumption in old age,
respectively. If the optimal amount of bequest is positive, the bequest motive is operative
along an equilibrium path that attains the first best solution while if the optimal amount
of bequests is negative, the bequest motive is inoperative along this equilibrium path. We
will need to distinguish between these two cases.

First, the next result characterizes the optimal taxation when the optimal amount of

bequest is positive.

Proposition 9. Consider that the optimal amount of bequest is positive. Hence, the

optimal rates of taxation satisfy 7 =1— I, and 7F = 1 — Hl—tﬂt, where

W (C—1)y(ki—1) (€Y + €Ly —y)
pu(é) f' (k)

= — (k) (€ + €1y). (46)

From the proposition we observe the following features of the optimal taxation. First,
since v/(k;) # 0, then the optimal tax rates are time-varying. If +'(k;) = 0, then
I, is constant for all ¢t as was shown before and €, = 0.7 Second, the optimal fiscal
policy can consist on either taxing or subsidizing capital income depending on the weight
that individuals give to the consumption of the two living generations in forming their
consumption reference. The next result provides sufficient conditions for having an
optimal subsidy on capital income and, moreover, it provides an upper-bound to the

tax rate for the case where the optimal policy consists of taxing capital income.

Proposition 10. Consider that the optimal amount of bequest is positive and ky < kyi1.
The optimal tax rate on capital income satisfies that 7F < 1 — I—lt Moreover, if ¢ < 6°,
then 7F < 0.

“Observe that in this case we can write ; as follows:

uw'(é-1)

B’ (&) f' (k)

The term in brackets is equal to zero when ~/(k;) = 0 as follows from (31).

Q= (Y +€°I) —-1].
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We then conclude that the optimal rate of capital income taxation has an upper-bound
for the empirical more plausible scenario where k; < k;y; . Furthermore, the optimal rate
converges to this upper-bound when +/(k;) tends to zero. This conclusion is a consequence
of the fact that the external effects of consumption are smaller when the concern for status
is endogenous. In other words, individuals can partially control the external effects that
they and their descendants suffer by choosing savings. Proposition 10 also states that the
optimal tax rate on capital income is negative when the consumption of young individuals
has a larger external effect on the utility of the old individuals than the external effect
of the consumption of the latter on the utility of the former. Therefore, the savings and
capital stock are suboptimally low, which requires a subsidy to capital income to restore
efficiency.

Finally, we characterize the optimal fiscal policy when the optimal amount of bequest

is negative.

Proposition 11. Consider that the optimal amount of bequest is negative. Hence, the
optimal rates of taxation satisfy %tk =1- H—tﬂt, 7} = —by and 70 = by, where Q, and b, are

I
given by (46) and (45), respectively.

The proposition states that the optimal rate of capital income taxation is the same as
in the case where the optimal amount of bequest is positive. Furthermore, Proposition 9
still applies in this case. However, the optimal fiscal policy now also includes a lump-sum
tax on young individuals. While the tax on capital income solves the suboptimality due
to consumption externalities, the one due to the inoperativeness of the bequest motive is
solved through lump-sum taxes. We use (19), (13), (39) and (41) to obtain

dy = f'(k)ky — 7. (47)

From the comparison between (45) and (63), we obtain that 77 = b; and from (37), we
get 7/ = —b; where b, is defined from expression (45). Since b; < 0, we obtain that 77 < 0
and 77 > 0. When the optimal bequest is negative, the fiscal policy should then transfer
income from young to old individuals to restore the efficiency of the intratemporal (i.e.,
intergenerational) allocation of consumption. Therefore, the optimal fiscal policy contains

in this case a pay-as-you-go social security system.

8 Conclusion

In this paper, we have analyzed the implications of dynastic altruism in an OLG model
where in addition to the possibility of leaving bequests, parents can shape the future
preferences of their children. By increasing savings, individuals are able to reduce the

intensity of the concern for status in old age and of the following generation.
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Our results highlight the importance of endogenous status effects both for the
competitive equilibrium and the socially optimal allocation. The level of the altruism
factor for which individuals leave bequests can be both larger or smaller than in a model
without endogenous status effects. In particular, endogenous status effects may allow the
bequest motive to be operative even when the economy without bequest is dynamically
inefficient. The incentive to leave bequests is decreasing in the level of savings since
the latter is an alternative instrument that can be used to improve the welfare of the
descendants. Concerning the socially optimal allocation, endogenous status effects imply
that the intratemporal allocation between generations has intertemporal consequences
that are not internalized by the individuals. Due to the latter, even when the bequest
motive is operative, the intertemporal allocation is suboptimal. When the bequest motive
is operative, the optimal policy consists of estate and capital income taxes with time-
varying rates. When the bequest motive is inoperative, the same time-varying capital
income tax is combined with a pay-as-you-go social security system.

Finally, future research could focus on other forms of consumption references such as
intergenerational aspirations or habit formation. These extensions tend to complicate the
problem since individuals are then able to influence as well the reference with which their

children will compare themselves.
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Appendix

A Proof of Proposition 1

Observe that Condition (18) holds with equality when b > 0. In this case, the second line

of hy in (23), i.e., the expression
(€)' (k)(2€" — 1) + pu'(d)y () (2¢° = 1),
then becomes
28u' ()Y (k) (€Y 4+ €® — 1).

By the definitions of €¥ and €°, we can write the last expression as

2(6° — 6%) 5 (€)y' (k)
1+ov)(1+6°)

Given the properties of the functions u(.) and ~(.), we conclude that the latter expression

is not positive when at least one of the conditions in the proposition holds.

B Proof of Proposition 2

To find sufficient conditions for hy > 0, we impose all the elements in (24) to be positive.

First, observe that the effective consumption d is always increasing in the stationary

od
’ Ok

(22) to be satisfied at an interior steady state, we first impose the effective consumption

capital stock, i.e. > 0. Second, since 1+ 7/(k)vY > 0 for the equilibrium condition
¢ to be decreasing in the capital stock. After some algebra, we obtain that % < 0 if and
only if Condition (27) holds. Finally, we set that both v¥ and v° are decreasing in the
capital stock. We obtain from a simple manipulation that %L]: < 0 and % < 0 if and

only if

f'(k) + [ (k)k
L+ f(k) +2f"(k)

< min {e’, e’} . (48)

We also observe that €/ > €°. Moreover, by using the definition of €°, we obtain that

Condition (48) is equivalent to Condition (26). Thus, the proposition directly follows.
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C Proof of Proposition 5

First, combining (17), (18) and (19), all of them evaluated at the steady state with no
bequest, we derive (28) and we also conclude that b = 0 if and only if G(8) < 0. Second,
note that the case with § = 0 corresponds to the economy without altruism. In this case
we then obtain that & > 0. Therefore, we conclude that G(0) = —1. Finally, we obtain
from (28) that the first derivative of G(3) is given by:

(k) =o' (k) (v® + v¥)
&(8) = ) ,
+8(25) [£/(F) =" R +vv) = 7' (R) (2552 ) |
where we know that % > 0 by the properties of the equilibrium and a(%gvy)
Assumption B. Observe that G’(0) > 0 because of the properties of the function (k)

< 0 by

determining the intensity of the status concern and of the production function f(k).

Therefore, the result directly follows.

D Proof of Proposition 6

The amount of bequests in a steady-state equilibrium b* is strictly positive only if
expression (18) holds with equality. In this case, the steady-state equilibrium is
characterized by this equation and h(k,b) = 0. From these two equations, it follows

that the steady-state capital stock satisfies

PR =7/ ()0 + ) = 3.
The uniqueness of the steady-state follows immediately from the assumptions on the
production function, the aspiration function and the consumption references in both
periods of life.

By assumption, h(k,0) < 0 whenever k < k and from Lemma 1, hy < 0. Therefore,
h(k,b) < h(k,0) for all & > 0 and b* > 0. The value k* satisfying h(k*,b*) = 0 must be

strictly larger than k or, equivalently
FIR") =7 (R7) (0 +0%) < f'(k) =7/ (k) (v° +0") (49)

The latter condition being equivalent to 8 > . We thus have proved that § > 3 if and
only if b* > 0 and f'(k*) — v/ (k*)(v° + v¥) = 1/B. Therefore, 3 < § implies that the
stationary amount of bequests is equal to zero and the steady-state capital stock satisfies

h(k,0) = 0. The value k > 0 exists and is unique by assumption.
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E Proof of Proposition 7

We will characterize the local stability of the steady state equilibrium with and without

operativeness of bequest motive.

(a) The case when the bequest motive is inoperative. ~ We first derive conditions
guaranteeing the local stability of the steady-state with zero bequests characterized by
Proposition 6. In a neighborhood of this steady-state, Condition (18) holds with strict
inequality, so that b, = 0 for all . The transitional dynamics around the steady-state are
fully characterized by (17). Furthermore, by using (2), (3), (7), (8), (19) and (20), we
obtain the following implicit relationship H (ky, kii1, kir2) = 0. Therefore, the dynamics
are fully described by a second order difference equation in k. The stability can be

characterized by using the characteristic polynomial:

oOH oOH oOH
P\ = 2 —
» (sz) A (%H) A ok

where
oH  [o(e)u'(¢e)] (0
ok, ¢ ok, )’
(@) |22 (Gt + 57 (g ) + 8 (/o + (e ) |
¢ \ Bkeus v Dheest v TR Sy
oH
5kzt+1 N PN R’(k)—’y”(k)vo—'y’(k)avngl ’
+/(@) [L+ By ()0] | "R Gt — e
and

. o(8) 9éy Ay
W()B (k) [~ 72 Gssor + FEa ]

OH
Okyyo ’

A 7(d) 8d 'k ov?
R+ 5700 [ 58 + i

with o(&) = —éu(¢)/u/(¢) > 0 and n(d) = —du”(d)/u'(d) > 0. Local stability implies
that only one of the roots of this polynomial must belong to the unit circle. Note also that
P(1) = h(k,0) > 0 under Assumption B. Saddle-path stability then requires P(—1) < 0,
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where

@) |72 (i = 82) — v

P(=1)={  Fu(&)By (k) | ZQow Qs _ Sesa) | iy Svis (50)
= g E Doyt Okiio Dherz | Okii )

F/ @)1+ By (ko) [ (B — Slesr) 4 (k)]

J

with

oy, 4 oy, 4
R/(k) . ,}//(k)vo _ 7/(16) (8]%11 - _61%;2)

alk) = R —~'(k)ve
Note also that
(=AW [k - 1 )
96 ¢, o e
GG = 8 ) — R+ (=] g
[ B = ) [0k + (0] J
and
(e [~ k(0] )
St = Gt = ) B+ (- )RR |
| =) - NP0+ )]

which are both increasing in y(k) and negative at (k) = 0. Moreover,

y y
vy, v,

Okrys  Okiy

<0,

while

o o
ovpyy  Ovl,

Okir1  Okpis

> 0.
Finally, we can conclude from the inspection of Expression (50) that P(—1) < 0 if the

values of (k) and ~/(k) are sufficiently close to zero. Therefore, the first statement of

Proposition 7 directly follows.
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(b) The case when the bequest motive is operative. In this case, Condition (18) holds with

equality and, therefore, it implicitly defines th = ¢(¢&;), where the derivative of the implicit

- (%) (55) o o0

function is

Next combine

e = [1—y(ke)e’Jer — (ki) (1 — €”)dy,

and
di = (1= 7(ke)(1 = €))d; — A(k))ecr,
to obtain
o = [ = y(k)(1 = €))é + (k) (1 = )d,s
(1= y(k)en)[L = (ko) (1 — )] =y (ke)2eo(1 = )’
and
d, = (1 — ~y(k)e¥)dy + (ki)

(1= y(k)ev)[L = (k) (1 — €9)] = y(ki)?eo(1 — e¥)
Using the previous equations, the resource constraint (14) can be rewritten as

[ — (k) (1 = 2)]é + [(1 — 7 (k) (2€” = D)]o(é)

o =T = S e - kI0 - @ e -y P
Finally, combining (17) and (18), we obtain:
B! (Cop)[f (Regr) = o (Fegr) (0 +071)] = ' (&),
which implicitly defines the relationship
Cro1 = K(Cy,y k). (53)

The dynamic system composed by the difference equations (52) and (53) completely drives

the equilibrium dynamics. The elements of the Jacobian matrix of this system are

Ok 11
Ok,

= f'(k) = T(k,¢),
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Okerr _ 1= ~(k)(A = 2€) + [(1 — 7(k)(2¢" — D]¢(&) _ 0,

0e  (L=r(k)en)[l —y(k)(1 —e)] — y(k)%e(1 — ev)

Donr (ke [ W@ [0 = ) %) =y (k) (G + )
Ok ( Ok, ) O ) =7 (B (o7 + )] ,

and

Gt _y_ (%) (@) [ £k 7 (R (09 4 09) — (k) (Geker 4 2ter)]
oo o WP — 7O+ )
where

=/ (k) [(1—2e)e+(2¢V = 1) ()]
[I=y(k)ev][1—y(k)(1—e)] =y (k)?e° (1—e¥)

T(k,é) =
2 W1 e D)1 ()12 e+ (1= (K) 2V D]6(0)}
AR (-] A (RPe (1 —e))2

We observe that T'(k,¢é) = 0 when 7/(k) = 0. Hence, we conclude by continuity that
Oky41/0ky > 0 for values of v/(k) sufficiently close to zero. We now define the characteristic

polynomial as

QU =N = |F/(K) = T0k,&) + S At (k) — TGk &)
t
Observe also that
o 0Ci41
and
. 86H—l ! A
Q(-1) =1+ +2[f'(k) = T(k,e)].

0¢

A sufficient condition for Q(—1) > 0 is that +/(k) is sufficiently close to zero, because
then T'(k, ¢) is also sufficiently close to zero. In this case, there is a unique root within
the unit circle which proves the desired local saddle-path stability. Therefore, the second

statement in Proposition 7 directly follows.
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F Operativeness of bequest motive in the parametric

example

We derive the conditions under which the threshold of the altruism factor determining
the operativeness of bequest motive increases when the parameter ~,, which drives the
sensitivity of (k) with respect to k in our parametric example, marginally increases from

zero. To this end, we first compute the following derivatives of (28) with respect to 7s:

Iv(k)
07

= —k(7 — Yoo) €xp(—7sk) < 0,

and

ag:if) = (Vsk — 1) (70 — Yoo) €xp(—7sk),

which is negative at v; = 0.

Second, by applying the implicit function theorem to (22) at 75 = 0, we compute

ok [pRv"u”(cZ) — vyu”(é)} [8{;_&)] + [pvou’(ci) + /vau’(é)} [%]
il i ) (54)

where we have made use of the fact that 7/(k) = 7”(k) = 0 when 75 = 0. The sign of
this derivative is ambiguous. While the denominator is positive as hy > 0 by Assumption
B, we cannot assess the sign of the numerator without imposing additional conditions.
We next show that this numerator is negative if ¢, is sufficiently small. By using (18) at

3 = f (i.e., when that condition holds with equality), and the fact that ag—ésk) =k <%7(Sk)>

at s = 0, we rewrite the numerator of (54) as

zm@(%%?){w+duw

Let us denote the intertemporal elasticities of substitution in the first and second period
by o(¢) = —é;/l(é) and 7(d) = — 2@ respectively. We then transform (55) as

"(é) o (d)
1&@(%%@){W+UM%I—R%?W+U%?1}. (56)

Note from Proposition 6 that b = 0 and d = Rk at 3 = 5. Hence, Expression (56), and

Ru" (d)v” (e
w(d) &M&]}' %)
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so the numerator of (54), can be finally written as

e) [%7(5)} {vy [1 + %} +0° [1 - dﬂT@] } . (57)

Expression (57) is negative for values of v, sufficiently small. Note that: (i) under
logarithmic preferences o(¢) = m(d) = 1; and (i) d = d when 4, = 7, = 0 as this implies
that v(k) = 0. Thus, we conclude by continuity that (57) is negative for sufficiently small
values of 4. Therefore, we have proved that g—i is positive for sufficiently small values of

Yo-
Finally, applying the implicit function theorem to (28) at v, = 0, we obtain

B M
ovs N’
with
ok o' (k
o (2)-vrea 5
and

N = 10+ 57'0) (55 ).

where we have again made use of the fact that +'(k) = v”(k) = 0 when v, = 0. The
sign of M and N are both ambiguous. However, we first conclude that M > 0 if 7, is

sufficiently small because in this case ag:/(k) may be sufficiently large in absolute values

so that the second term of M may dominate. In addition, we observe from the proof of

Proposition 5 that N is equal to G'(f) at s = 0. Hence, we also derive from this proof

that N > 0 around 3; and N < 0 around f3;, , with i being an odd integer.

Therefore, we can conclude that for any odd integer ¢, gfi < 0 and 8?—;“ >0atvy =0

for values of vy and v, sufficiently close to zero. From Proposition 5 we can finally state
that the marginal introduction of v increases the size of the set B determining the values
of the altruism factor g under which the bequest motive is operative when 7y and 7., are

both sufficiently small.

G Conditions for the socially optimal allocation

The Lagrangian function associated to the social planner’s problem is given by

L(Ct> dt> kft+1) = UO + Z )\tﬁt[f(kt) —c —dp — k’t+1],

t=0
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where \; denotes de Lagrangian multiplier. The respective first-order conditions from

maximizing the Lagrangian function with respect to ¢;, d; and k;; are the following:

(1= y(ke)e) B (&) — 7 (k)€™ pu (dy) = B, (58)
(k) (1 = )B4/ (&) + [1 = (k) (1 — €)] 8 pu/(dy) = B' N, (59)

and
Y (k)[BT (Eran) oy + B pu/ (disa )ofy] = B Nesr ' (Resr) — B'A. (60)

Combining (58) and (59), we obtain (30). Finally, using (58), (59) and (60), we get (31).

H Proof of Proposition 9

First, by comparing (30) and (44), we directly obtain the optimal rate of estate taxation.
Second, we subtract (31) from (43) to obtain

' (¢)y(ke) (€ + Lie°)
Bu' (Ci1) f' (Kegr)

- V(ktﬂ)(Ey + It+160) = (1 - 7~'tb+1)(1 - 7~'tk+1) -1

Given the optimal tax rate on bequest, we derive from the previous expression the optimal

rate of capital income taxation.

I Proof of Proposition 10

First, note that I; < 1 if and only if #¥ < #°. Second, from (30) we obtain that

(9]t . Q(Qy — 00>’Y/(kt)

Ok, (1+69)(1+6°)

which is positive if and only if #¥ < 6°. Finally, we will prove that €2; > 0 when k; < k.
On the one hand, if ¥ > 6° we obtain that the following inequality holds:

V(ke) (€ + 1ie?) > (ki) (€ + Tr41€7), (61)

on

since 7' (k¢), 1; > 0 and &t

< 0. Given Inequality (61), we also conclude from (31) that
Ul(ét) > ﬁul(ét+1)f/(k't+1). (62)

Combining (61) and (62) we directly obtain that €, > 0 if 8¥ > 6°.
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On the other hand, we also prove that (61) and (62) also hold for the case Y < 6°.
We first obtain that

87(/@)(63/ + EOIt>
Ok,

<0,

if and only if

2(0Y — 6°)y/ (ky) - (1+60°)2[1 —~" (k)] + 0°(1 + 6¥)(1 + 6°)
1+ 6° 1 —y(ke) +60°(1 + v(ke)) '

The last condition always hold when 6¥ < #°. In this case (61) and (62) also hold and,
therefore, 2, > 0.

Since €2; > 0 for the whole parameter space when k; < k;;1, the result directly follows.

J Proof of Proposition 11

When the optimal amount of bequest is negative, the equilibrium path associated to the
optimal tax rates is characterized by b, = 0, (14), (41) and (43). From the comparison

between (31) and (43), we obtain the following expression:

W (¢)y(ke) (€Y + 1)

— N | Oy — (17 V.. —1.
B’ (er1) f'(kegr) V(R (€ + Tene?) = (1= T50) o

J

-~

Qit1

We use (19), (13), (39) and (41) to obtain
dy = f'(k)ky — 77 (63)

From the comparison between (45) and (63), we obtain that 72 = b, and from (37), we

get 7/ = —b, where b; is defined from expression (45).
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Table 1. Numerical simulations of the steady-state equilibrium

Economies

Benchmark B=0andes #0 [FF#0ande, =0

a=1/3:
k 0.0505 0.0498 0.0500
Rip 2.4398 2.4638 2.4571
Rep 0.1258 0.1261 0.1260
B 0.4000 - 0.4070
a=1/45:
k 0.1538 0.1492 0.1589
Rrp 0.9530 0.9758 0.9291
Rep 0.0986 0.0993 0.0979
B 0.9400 - 1.0764

Notes: (1) The values for the benchmark economy correspond to the case § = B
(2) Ry p is the 35-year rate of return: Rpp = R = f’ (E) )

)
(3) Rep is the annual rate of return: Rop = [f/ (E)} Y 149, with 0 = 0.1.
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